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Abstract 
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1 Introduction 



The AdS/CFT correspondence provides information about the strong coupHng behaviour of some con- 
formal field theories by studying their supergravity (string) duals In particular, the AdS/CFT 
duality relates type IIB string theory on AdS^ x x M^, where is either K3 or T^, to a certain 
Af = (4, 4) supersymmetric two-dimensional conformal field theory (CFT) living on the boundary 
of AdS^. A two-dimensional sigma model with the target space being a deformation of the orbifold 
symmetric product S^{M^) = {M^)^/Sn, N — > oo, is believed to provide an effective description of 
this CFT §. 

An important class of operators in the supersymmetric CFT are the Chiral Primary Operators 
(CPOs) since they are annihilated by 1/2 of the supercharges and in two dimensions their highest 
weight components of the R-symmetry group form a ring. On the gravity side the CPOs correspond 
to Kaluza-Klein (KK) modes of the type IIB supergravity compactification. Recently, using the 
orbifold technique developed in |^] the three-point functions of scalar CPOs were computed in 
the CFT on the symmetric product S'^(M^) and, on the other hand, in AdS^ x supergravity 
and were found to disagree^. On the other hand, computations of quantities that are stable under 
deformations of the orbifold CFT, like the spectrum of the CPOs and the elliptic genus, were found to 
be in complete agreement Obviously this supports the expectation that the AdSs x background 
may correspond to some deformation of the target space S^{M^) of the boundary CFT. However, 
even though one presently does not have an explicit sigma model formulation of the boundary CFT 



(see also [11| for recent developements), one may proceed to study the CFT by using directly the 
gravity dual description and the AdS/CFT correspondence [^]. 

In this paper we study the AdS^ x compactification of the D = 6 = 46 supergravity coupled to 
n tensor multiplets. In particular, the case n = 21 corresponds to the theory obtained by dimensional 
reduction of type IIB supergravity on K3. Our final aim will be to find the 4-point correlation functions 
of the scalar CPOs in the supergravity approximation. This program was successfully performed for 
the AA = 4 SYM4 which is related to the AdS^ x compactification of type IIB supergravity and led 
to an understanding of the structure of the Operator Product Expansion in the field theory at strong 



coupling [^]-|16]. As a first necessary step in this direction we derive the effective gravity action 
on AdS^ that contains all cubic couplings involving at least two gravity fields corresponding to CPOs 
in the boundary CFT. 

Since the supergravity we consider is a chiral theory it suffers from the absence of a simple La- 

grangian formulation. In principle, one may approach the problem of computing correlation functions 

by using the Pasti-Sorokin-Tonin formulation of the six-dimensional supergravity action, where the 

manifest Lorentz covariance is achieved by introducing an auxilliary scalar field a |17]. However, to 

^ Computing the 2- and 3-point functions of CPOs in the supergravity approximation by using the prescription 
which is known to be compatible with the Ward identities one finds a result different from |^. This however does 
not remove the disagreement between CFT and gravity calculations. 
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obtain the action for physical fields one needs to fix the gauge symmetries, in particular the additional 
symmetry associated with the field a. This breaks the manifest Lorentz covariance and makes the 
problem of solving the noncovariant constraints imposed by gauge fixing unfeasible. Thus, we prefer to 
start with the covariant equations of motion of chiral six-dimensional supergravity [^] and obtain the 
quadratic, cubic and so on corrections to the equations of motion for physical fields by decomposing 
the original equations near the AdS^ x background and partially fixing the gauge (diffeomorphism) 
symmetries. The equations obtained in this way are in general non-Lagrangian with higher derivative 
terms and we perform the nonlinear field redefinitions to remove higher derivative terms [^] and bring 
the equations to the Lagrangian form. 

The spectrum of the AdS^ x compactification of the D = 6 M = supergravity coupled to n 
tensor multiplets was found in [|^] and it is governed by the supergroup SU{1, 1\2)l x SU{1, 1|2)/j. 
Since we are interested in the quadratic and ultimately in cubic corrections to the equations of motion 
for the gravity fields we reconsider the derivation of the linearized equations of motion and recover 
the spectrum of [^]. According to the scalar CPOs are divided into two classes. The first 
class contains CPOs a that are singlets with respect to the internal symmetry group SO{n). The 
corresponding gravity fields are mixtures of the trace of the graviton on and the sphere components 
of the self-dual form. The second class comprise the CPOs transforming in the fundamental 
representation of SO{n) and the corresponding gravity fields are mixtures of n scalars from the coset 
space S0{5,n)/ S0{5) x SO{n) and the sphere components of the n antiself-dual forms. 

As follows from our study, the fields appearing in the exchange diagrams involving at least two 
CPOs may contain, in addition to the CPOs themselves, also other scalars or vectors, either in the 
singlet or in the vector representation of SO{n), and symmetric 2nd rank (massive) tensor fields. We 
find the corresponding cubic couplings. By using the factorization property of the Maxwell operator 
in odd dimensions we diagonalize the equations for the vector fields which originate from components 
of the second order Einstein equation and the first order self-duality equation. This diagonalization 
is helpful to identify the vector fields propagating in the AdS exchange diagrams. To ensure the wider 
applicability of our results we keep n unspecified^. 

The cubic couplings exhibit the same vanishing property in the extremal case (e.g. for three scalar 
fields cjfc, where k denotes a Kaluza-Klein mode, the extremality condition is ki + k2 = k^ and 
permutations thereof) as the cubic couplings found in the compactification of type IIB supergravity 
on AdSr, x 5^ 0. 

In addition to the cubic couplings involving CPOs we also compute certain cubic couplings of 

vector fields, which allows us to check the consistency of the KK truncation of the three-dimensional 

action to the massless graviton multiplet. Recall that the bosonic part of this multiplet contains the 

^Except n — 21 another case of interest is n — 5. Dimensional reduction of type IIB supergravity on T* produces the 
non-chiral D = 6 — 8 theory, for which the equations of motion for the metric, the scalar fields and the two-forms 
are the same as for D — 6 Af = 4b with n = 5. 
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graviton and the SU{2)i x SU{2)ji gauge fields, all of them carrying non-propagating (topological) 
degrees of freedom. Since the other multiplets contain the propagating modes, the graviton multiplet 
should admit a consistent truncation and we show that this is indeed the case. The truncated action 



coincides with the topological Chern-Simons action constructed in |2C]. We also consider the problem 
of the KK truncation to the sum of two multiplets, one of them the massless graviton multiplet, 
whereas the second involves the fields corresponding to the lowest weight CPOs. Surprisingly, we have 
found indications that the sum of the massless graviton multiplet and the special spin-i multiplet 
containing the lowest mode scalar CPOs may admit a consistent truncation. This situation reminds 
of, but is different from the AdS^ x compactification, where the lowest weight CPOs occur in 
the stress tensor multiplet, which on the gravity side corresponds to the massless graviton multiplet, 
allowing a consistent truncation [15|. In the AdS^ case the gauge degrees of freedom encoded in the 
graviton multiplet give rise to the Af = (4,4) superconformal algebra of the boundary CFT |21|. 

The paper is organized as follows. In section 2 we recall the covariant equations of motion for the 
bosonic sector oi D = Q J\f = 4b supergravity [|^, introduce notation and represent our results. In 
section 3 we review the linearized equations of motion and recover the spectrum found in |19]. In 
section 4 we discuss the structure of the quadratic corrections to the linearized equations of motion 
and explain the necessary steps to reduce the equations of motion to a Lagrangian form. In Appendix 
A we give the results for the expansion of the covariant equations of motion up to the second order, 
both in spacetime and coset metric perturbations and in Appendix B we establish the formulae for 
various integrals involving spherical harmonics of different kinds. 



2 The cubic effective action in AdS^ 

Cubic couplings of chiral primaries may be derived from the quadratic corrections to the covariant 
equations of motion for D = 6 J\f = 4:b supergravity coupled to n tensor multiplets All the 

bosonic fields — the graviton, the two-form potentials Bj^jj^, I = 1, . . . , 5 + n and the scalar sector 
— provide relevant contributions to the quadratic corrections. The scalar sector constitutes a sigma 
model over the coset space sof^^xSO{n) ^i^^ vielbein (V/*, Vj^), i = 1, . . . , 5, r = 1, . . . ,n which is 
parameterized by 5n scalar fields. The index / transforms under global 5*0(5, n) transformations and 
is raised and lowered with the S0{5,n) invariant metric r] = diag(l5x5, — Inxn); whereas the indices 
(i,r) transform under local composite 50(5) x SO{n) transformations. We use the following indices: 
M, N for D = 6, fi, u for AdS^ and a, b for 5^ coordinates. 

Defining 
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the covariant derivative in the scalar sector is found by the Cartan-Maurer equation to be 

DmPn = ^ mPn ~ Q^M^N ~ PmQn (2-2) 
and the equations of motion for the bosonic sector of D = 6 AA = 46 supergravity are: 

Rmn = HIipqHI; ^ + HIjpqHIj^^ + 2P|5P^, (2.3) 

j^Mpu^ = ^H\,pqH^^^p, (2.4) 

*W = H\ ^H" = -H\ (2.5) 

where 

W = G^Vi\ H'' = G^Vf and = dB^ . (2.6) 

In units where the radius of is set to unity, the AdS^ x background solution is 

ds^ = ^^{dxl + rjijdx'dx^) + (2.7) 

Xq 

where r]ij is the 2-dimensional Minkowski metric. One of the self-dual field strengths is singled out 
and set equal to the Levi-Cevita tensor, while all others vanish: 

^liiyp = ^^^^fiup, Hl^bc = ^^^^abc, -f^MATP = 0. (2.8) 

Here e^yp and Sahc are the volume forms on AdS'i and 5'^, respectively, so that £fj,up£ahc is the volume 

form in six dimensions. The SO{5,n) background vielbein is taken to be constant and by a global 
50(5,n) rotation it can be set to unity. 

To construct the Lagrangian equations of motion we represent the fields as 

gMN = 9m N + hMN, (2.9) 

G^ = G^+g^, g^ = dh^, (2.10) 

and 

Vji = 5/ + cP'^-df + ^(/>^^<^^'^<5/^ (2.11) 

Vf = 5f + (t)'''5i' + ]^(t)^''(t)''5i'. (2.12) 

The gauge symmetry of the equations of motion allows one to impose the de Donder-Lorentz 
gauge0: 

V^V = ^"h^ab) = ^%ia = 0. (2.13) 



■^From now on all the covariant derivatives are understood to be in the background geometry. 



Here and below the subscript (ab) denotes symmetrization of indices a and b with the trace removed. 

This gauge choice does not fix all the gauge symmetry of the theory, for a detailed discussion of 
the residual symmetry, c.f. [^]. The gauge condition ( 2.13|) implies that the physical fluctuations are 
decomposed in spherical harmonics on as 

K{x,y) = Y,^'^{^)y'Hy), hab){x,y) = J2s''Hx)Y^':,f{y), 

hU^,y) =Y,e^.,'X'/^{x)Y'^{y), bUx,y) =Y,^abcU''Hx)V'Y'^{y), 

bU^,y) =Y.Zl!^^{x)Yt^{y), r{x,y) =^r''ix)Y'^{y), 



where we have represented 
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hab = Hab) + ^9abK, 9 h(^ab) = 0. (2.14) 



The various spherical harmonics transform in the following irreducible representations of 50(4) ~ 
SU{2)l X SU{2)r: 

Scalar spherical harmonics Y^: (|, I), /c > 0, 

Vector spherical harmonics y/ = y/+ + Y^-; {^{k + l),^{k- 1)) ® {^{k - 1), ^{k + 1)), k>l, 
Tensor spherical harmonics y^^^^) = Y^[++Y^[-y (i(fc + 2), i(A; - 2)) (i(A: - 2), i(A; + 2)), k>2. 

The upper index enumerates a basis in a given irreducible representation of 5*0(4): Ii = 1, . . . , (k + 
1)2, k>0;ls = l,...,{k + lf-l, /c > 1; Is = 1,. . . , (/c + l)2-4, k>2. The action of the Laplacian 



is pi: 



v^y/^i = (1 - A)y/3±, v^y/^i = o, (2.15) 

where A = k{k + 2). The vector spherical harmonics y/^^ are also eigenfunctions of the operator 

(*V)^ ^ Sa'^Vf. 

(*V)^^/^± = ±(A: + l)y/3±. (2.16) 



Here and in what follows we use normalized spherical harmonics, i.e. JY'^Y''^ = 5'^-'\ J g^^Y^^'^Y^'^^ = 5'^-'^, 
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We also need to make a number of field redefinitions, the simplest ones, required to diagonalize 
the linearized equations of motion, are 



(pf = 2ks''j + 2{k + 2)fj, U^ = s''j-fj, (2.17) 
TTj = -Qkai + 6{k + 2)Ti, Uf = aj + Ti, (2.i8) 
h^,ui = f^iui + V^V;,C/ + Qfiur]!, (2.i9) 

m = {k{k - l)ai -{k + 2){k + 3)ti) , (2.21) 

h% = l{Cij-A%), Zlf = ±^^iC^, + A^,). (2.22) 

Here and aj are scalar chiral primaries Note also that we use an off-shell shift for hf^^, that 
first appeared in |23|. It differs from the on-shell shift used in by higher order terms. We recall 



the origin of the off-shell shift in section 3.3. 

The field redefinitions that are needed to make the equations of motion Lagrangian and to remove 
terms with two and four derivatives from the quadratic corrections to the equations of motion will be 
discussed in section 4. 



2.1 Cubic couplings of chiral primaries 

To compute four-point functions involving only chiral primary operators in the boundary conformal 
field theory one needs the quartic couplings giving rise to contact diagrams and cubic couplings 
involving at least two chiral primaries, which contribute to the AdS exchange diagrams. Here we 
confine ourselves to the problem of determining the corresponding cubic couplings. 

Obviously, fields like (/>-'', i = 1,...,4 that transform as vectors under the 50(4) R-Symmetry 
cannot contribute to these couplings. Therefore, we can set all these fields to zero and, to simplify the 
notation, we denote e.g. (j)^^ as (p"^ , etc. 

Then the action for the chiral primaries ■s'' and a may be written in the form 



+ j02{z;^) + C2{a^,c^)+/:2M 

+ Cl{a) + CUr) + C^sis^) + ^(a) + £^(t) + C^Q^) (2.23) 
+ Crin + CUA^,C^) + CUA^, C^) + Cf{Z^^^) 

+ Cl{^^,)+Cl{ip,,,)]. 
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The quadratic terms for the various scalar fields are 



C2{sn = ^ 16kik + 1) l^-lv,s}Ws} - \m'Mf^ , (2.24) 

jr.2i<7) = J2 - 1) (-^V^<7/W/ - ^mliaif^ , (2.25) 

C^in = J2 + + 2) l^-lv,fjV% - ^m'tit}f^ , (2-26) 

£2iT) = ^ 16(/c + 2)(/c + 3) (^-Iv^T/V^T, - ^mliTif^ , (2.27) 

C2{g^) = Yl [-\^,efv^ef - l^iHgf)''^ (2.28) 



with masses 



ml = ml = k{k-2), m^^ = = (fc + 2)(fc + 4), = A. (2.29) 
The quadratic Lagrangians for the vector fields can be written as 

Mz;^) = E i6(/c + 1) (T\e^^''z;fd.z;f + '^j (2.30) 



for the fields ZJ^^ with mass mz = k + 1 and 



£2(4, C7±) = £2iA^) + C2iC^) + Cr^'iA^, C±) (2.31) 
for the fields Aj^ and C^, where 

^\ptM^)H) ' (2.32) 

^\ik + 2)P^_^,{C^f,C^^, (2.33) 
£r^(4, C±) = Y (^/,ui{A^)Fr{C^) -\ik- l){k + 2>)A%cf^ 

T\{k + l)e'^'^^{A%d.C% + C%d,A%)^ . (2.34) 

Here F^i//(F) = d^V^i — d,yV^i and we have introduced the first order operators 

{P^)'^ ^ e/^V. ± m5l = (*V);; ± m6^^. (2.35) 



Some comments are in order. Since the quadratic action for the vector fields is of the Chern- 
Simons form it vanishes on-shell and, therefore, to compute 2~point functions in the boundary CFT 



we have to add certain boundary terms [24|. It is also worthwhile to note that the equations of 
motion for the vector fields A^, are not the Proca equations, rather they are Proca-Chern- 
Simons equations containing both the usual and the topological mass terms. Indeed, the equations for 



and following directly from (2.31) are nondiagonal and both are of the second order. Adding 
them produces an equation of the first order (a constraint) that relates the fields A^ and C^: 

PtM^)^^i + ^fc+3(^^)M/ = 0. (2.36) 

This constraint is then used to obtain the closed Proca-Chern-Simons equations for the vector fields, 
e.g. 

V'F^.M^) -{k-l){k + l)A% T 2e/^a,A± = P^^,PtM^),i = 0- (2.37) 

Thus, intrinsically one has a second order equation for one of the vector fields and a constraint on the 
second one. The number of physical degrees of freedom described by a massive pair A^/, C^/ is then 
three and this is in agreement with the discussion in |19|. The original equations being components 
of the second order Einstein equation and the first order self-duality equation are related to ( 2.36| ) 
and (|2.37| ) by simple linear transformations of the fields A^j and C^j {c.f. ( 2.22 )). Note that the 



conformal dimensions of the operators in the boundary CFT dual to A^j and C^j are k, k + 2 and 
fe + 4. 

Finally, the quadratic Lagrangian for the symmetric second rank tensor field {if = ip^) is: 

+J(2-A)((^^,,)' + iA((^,)'). (2.38) 

The cubic couplings of scalar fields are 

n{i^) = V^:t/iAM^ a(V)=l^,':S3^^i^^2V'/3, Cf{f) = Vj%i,s^jfi^'yi,. (2.39) 
with -0 G {c7, r, ^)^} and the vertices (the notation is explained in eqs.( |2.6i| ) and ( p.62D ) 



2^(S-2)i:(S + 2)aia2a3 
26(S + 2)(ai + l)(a2 + I)a3(a3 - l)(a3 - 2) 



^hhh 'hT^ ^hhh^ (2.40) 



V!:U = — — — — — -^hhh, (2.41) 



rSST 

23(S-2)S(S + 2)aia2a3 



""^^^^ = - "3l^^m:^m:^l) ^ + + ^3 - 2)a.,.,.3, (2.42) 

_ 25(S + 2)(ai + l)(a2 + l)«3(«3-l)(«3-2) .,2 , ,2 , , o^2 4,^ 

Vj^j^i, (k^Tm^TTmTT) + ^2 + ih + 2) - 2)aj,j,j„ (2.43) 



8 



,,sta 27(S + 2)(ai + I)a2(a2 - l)(a2 - 2)(«3 + 1) . 

'//i/a/s = ]^^^ a/i/2/3> (2-44) 

^W3 = 2'S(a3-l)pt,,,3, (2.45) 

In our notation, the vertices (|2.40| ) and ( |2.42| ) are precisely the ones found in 

Cubic terms involving two chiral primaries and the vector fields A^, can be represented as 

^iA^, Ct) = Viltt^H'^'s^iAtis + Kti.^h^'^'iA (2-47) 

CUA^, C^) = VfjX^h^'^hA%^ + ^Wa VV,,Cj3 (2.48) 
± ^/it./3(^5-iK^^^^)'^i3 - ^5+3(^/1 Va,,)'^C7± J, 
whereas the interaction of 5^ and a with the fields Zf*^ is found to be 

CriZ;^) = ^y?Mt^i.^^s\^Z%- (2.49) 

These expressions describe the minimal interactions of vector fields with two scalars in three dimen- 
sions. Here the couplings are 

^W3 = -2(S + 1)(S - l)t±,^,3, (2.50) 

^HiX = 2(2«3 - l)(2a3 - 3)tf^j,j,, (2.51) 

^W3 = 2(^3 + l)tt,,,3, (2.52) 



v; 



raaA± _ (^ + 1)(^-1) /,2 I ,2 ,2 /o 5-^^ 

^^^^"^^ = T^:;iil'r+"i)'^ + - + - (2-54) 

^W3--2(^3 + l)|«^.t.,3> (2.55) 

.rasz^ _ 2^(S + l)(2a3-l)(fc3 + l) ,± ... 

^hhh k^Ti ^hhh- ^^-^^f 

Finally the interaction of chiral primaries with symmetric tensors of the 2nd rank are 

t^iM = V^Xh i^'^h'^'^H^.'^h - ^(V^s^/,V,.^,^ + \{ml + ml- /\,)s^j^s%)^i}j , (2.57) 

^U^^u) = Vi^ili^ (W/, W/2¥'^.73 - ^(V^fi/iV^a/^ + \{m\ + - ^^)Gi,ai^)^i^ , (2.58) 



where 



Khh = 2'(S + 2)asaj,j,i, , (2.59) 
^W3 = (fc'f + 1) + - + 1)^ - l)«/././3. (2.60) 
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Above the summation over Ii, I2, I3 and r is assumed and we have defined 

T, = ki + k2 + ks, ai = ]^{ki + km - h), I ^ m ^ i ^ I, (2.61) 
and (c./. also Appendix B) 

«/i/2/3 = / Yj,Yj,Yj„ t%,^,^ = j V^Yj.Yj.yX, pU,, ^ I V^Yj^Yj^Y^^j,^. (2.62) 
To summarize, we have the foUowing types of cubic vertices: 




Table 1: Cubic vertices containing two supergravity fields dual to CPOs. 

In particular we see that all possible cubic invariants under SO{n) x S0r{4) containing at least two 
supergravity fields dual to CPOs are present. 

2.2 Cubic couplings at extremality 

With the cubic couplings at hand the problem of computing the 3-point correlation functions of 
two CPOs with an operator associated to another gravity field entering the cubic vertex becomes 
straightforward. One needs to determine the on-shell value of the corresponding cubic action, which 
amounts to computing certain integrals over the AdS space, where for the latter problem a well- 
developed technique is available p. Generally the AdS integrals diverge for some "extremal" values 
of conformal dimensions (masses) of the fields involved and this is an indication that the corresponding 
supergravity coupling should vanish, otherwise the correlation function would be ill-defined p, |T3|| . 
For example, the AdS integral corresponding to the 3-point correlation function of scalar fields with 
conformal dimensions Ai, A2 and A3 is ill-defined if Ai + A2 = A3 (or any relation obtained from 
this by permutation of indices). Inspection shows that the cubic couplings we found do indeed vanish 
at extremality, i.e. when the accompanying AdS integrals diverge. The only case where this property 
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can not be seen straightforwardly is for the couphngs of scalar fields with vector fields and C^. 
Below we present the analysis making the property of vanishing at extremality manifest. 

Recall that due to ( 2.36| ) the fields and do not describe independent degrees of freedom. 



Regarding, e.g., as independent variables we first consider the solution of eg. ( 2.37 ) satisfying 



Then the constraint ( 2.36| ) gives P^_^^{C^)^j = 0. Clearly, the last two equations imply the Maxwell 
equations 

V"F,^/(^±) -{k- ifA^j = 0, V"F,^/(C±) -{k + 3)^C^j = 0. (2.63) 

Therefore, the masses of the vector fields A^j and C^j are = k — 1 and mc = k + 3. Recalling 
the formula for the conformal weight Ay of an operator dual to a vector field with mass m in 
AdSd+i (see, e.g. [^) we find Aa = k and Ac = k + A. It is worthwhile to note that Aa has the same 
conformal dimension as the scalar CPOs. The corresponding CFT operators are the vector CPOs in 



the spin 2 tower of supermultiplets |19]. 



The evaluation of the 3-point functions of CPOs with vector fields requires the knowledge of the 
following AdS integral 

where the coordinate dependence on the r.h.s. is completely fixed by the conformal symmetry. Here 
Xj are the positions of the operators in the correlation function of the boundary CFT, Xjj = Xj — Xj, 

ry _ (Xl3)j (X23)i ry2 _ ry ry 

Zji — 2 2 ' ~ ^i^i 

^13 ^23 

and i^A(i-^;x), Q are the scalar and vector bulk-to-boundary propagators respectively. Ap- 
plying the inversion method g one finds for -R123 the following answer: 



R 



1 r(i(Ai + A2 - Ay + l))r(i(Ai + Ay - A2 + l))r(i(A2 + Ay - Ai + 1)) 



r(Ai - i)r(A2 - i)r(Ay^ 

xr(i(Ai + A2 + Ay-l)). (2.64) 

i?i23 is ill-defined in several cases. First we consider the case when|^ 

Ai + A2-Ay + 1 = 0. (2.65) 

For CPOs with A = k this equation becomes ki + k2 — Ay + 1 = and, therefore, for it reads as 

/ci + /C2 - Ac + 1 = A;i + A:2 - ^3 - 3 = 0, 
^-Ri23 is also divergent for Ai + A2 — Av + 1 a negative integer, but in that cases tf^i^i^ = 0. 
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i.e., as = 3/2. But the couplings Vj\^j^f^ and VfJ^j!^ (see ( |2.47| ) and ( |2.48D ) contain the factor 2a3 - 3 
and, therefore, vanish]^ Ccomputing the correlation functions involving the fields a divergence 
arises when 

/ci + A:2 - Aa + 1 = fei + /C2 - fcg + 1 = 0, 

i.e., when = —1/2. However, the couplings yf^/^f^ and y^^j^i^ contain the tensors tf_^j^f^ that are 
non-vanishing only if ki + k2 > + 1 (and relations obtained by permutation of the indices). Hence, 
the divergence is irrelevant since the couplings are zero due to the vanishing of i/^/j/s' 

Moreover, R123 also diverges when 



Ai + Av - A2 + 1 = 0. 



(2.66) 



For this gives ki + = k2 — 5, i.e., 02 = —5/2. On the other hand, non-vanishing of tf^j^j^ 
requires the inequality ki + > k2 + 1, so that for the case under consideration tf^j^j^ again vanish. 
For eq.( 2.66|) gives ki + k-^ = k2 — 1, i.e., 02 = —1/2, and the couplings vanish by the same reason 
as for C^. 

Equation ( p. 37 ) has another solution obeying -P^|(A^)^/ = 0, which we now consider. Perform 
the shift 

k 



C. 



c 



± 



k + 2 



-A 



± 



(2.67) 



where A^j is not arbitrary, rather it solves P^j^(A^)^/ = 0. Then the linear constraint ( 2.36 ) turns 
into 



0. 



Thus, C'^ decouple from A^. The fields A^ then correspond to operators with = k + 2. The 
divergence ( |2.65 ) now gives fci + /c2 = k^ + l, i.e., 03 = 1/2. The coupling of two scalars with the vector 
fields A^ corrected by the shift (2.67) (we again integrate the terms in ( 2.47] ) and ( p.48|) proportional 
to W^/j/j/g and to Wj^^j,^ by parts and use the equations of motion for A^ and C"^) reads 



and analogously for s^. The explicit results are given by 



hhh 



hhh 



-8(A;3 + l)(2a3-l)t±,^,3, 
-4(A;3 + 1) (203-1 



1 + l)(fci + ^3) + {k2 + l)(fc2 + ks) - 4(^3 + 1) ^ 

(A:i + 1)(A;2 + 1) ^^^^^^ 



(2.68) 

(2.69) 
(2.70) 

3/2. However, 



and vanish at extremality. The AdS integral is also divergent for ( |2.6£| ), i.e. for ai - 
in this case ^^^i^i^ is zero. 

Thus, we have shown that all the cubic couplings we determined vanish in the extremal cases. 

^The terms in ( ^.47|) and ( |2.48 ) proportional to 'Wjfi^i^ and to VVj_^^j^ vanish after integrating by parts and taking 
into account the equations of motion for A J and Cj^ . 
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2.3 Truncation to the graviton multiplet 

The bosonic part of the Lagrangian density for the three-dimensional supergravity based on the 
SU{1,1\2)l X SU{1,1\2)r supergroup is Q 



C = R + 2- e'^'^P {Ap,A^; + -A'^A^M^;) + e>^^P {A'p^A'f + -A'^^AfA'";) , (2.71) 

where A]i = —Aj]^, A'^^ = —A!^^ are the /SO (3) gauge fields and according to our conventions we have 
set the cosmological constant to —1. 

We now demonstrate that the lowest modes of the vector fields A^ obey the first order Chern- 
Simons equations, although generically the equations of motion are of second order. Thus, we consider 
the self-interaction of the vector fields and restrict ourselves to the case where two of the three 
fields, say ^^/j' from the massless graviton multiplet, i.e. their equations of motion are 

Po(^^)/. = e^'Pd.A^p = ^ Vf^At = V,A^. (2.72) 
Then the quadratic corrections to the linear constraint ( 2.36| ) can be written as 



Since both vector fields on the r.h.s. transform in the (1,0) of 5*^7 (2)/, x SU (2)/? (or (0, 1) respectively), 
^6/2 transform as 

(1, 0) ® (1, 0) = (0, 0) © (1, 0) © (2, 0); (0, 1) © (0, 1) = (0, 0) © (0, 1) © (0, 2), (2.74) 
and therefore the S"^ integral is nonzero only if ki = 1. In this case we have 

On the other hand, it is easy to show that there is no coupling of C^j with two massless vector fields 
and therefore it is consistent to set the fields C^j to zero. 

Since the integral is completely antisymmetric in Ii, I2 and I3 (and the /j run from 1 to 3) it 
is proportional to £^1^2/3 g^j^jj ^gj^ represented as ^'^C^±i-i^C^±j^C^j^, where Cj?j- = —C^2i- Defining 

^ = C%A^,^, ^7 = C%Ai- (2.76) 
the equation of motion for A^fl reads 

e^'^Pd^A'^ = -e^'^PA'^Al^ (2.77) 



and analogously for A'*^. These are precisely the equations of motion following from eg. ( 2. 71 ). 
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Now we address the issue of the consistency of the KK truncation to the sum of two multiplets, 
one of them naturally the massless graviton multiplet and a second one containing lowest mode scalar 
CPOs. Surprisingly, all the cubic couplings we computed involving two fields from the sum of the 
massless graviton multiplet and the special spin-^ multipletQ and one field belonging to any other 
multiplet vanish]^ Recall that the spin-i multiplet contains the scalar modes with k = 1 and (j)^^ 



with k = 0, and spin-| states All the operators in the boundary CFT dual to the gravity 

fields from the spin-^ multiplet are either relevant or marginal. Based on the analysis presented here, 
one cannot exclude that a consistent truncation to the sum "massless graviton multiplet + special 
spin-i multiplet" does exist. Of course, only on the basis of the cubic vertices considered here, this 
issue cannot be decided. It is worthwhile to note that with k = 1 correspond in the boundary CFT 
to the scalar CPOs with the lowest conformal dimension. 

Another natural example to consider is the lowest level of the spin 1 SO{n) singlet multiplet, 
containing a with k = 2. Here, however, the consistent truncation is not possible. Indeed, the cubic 
coupling of two CPOs and one symmetric second rank (massive) tensor 

V[Z^ ~ (S + 2)a,{kl + kl - {ks + If - l)ai,j,i, (2.78) 

does not vanish if ki = k2 = k^ = 2. Note also that the CFT multiplet dual to the SO{n) singlet 
discussed above contains irrelevant operators. 

In the following two sections we describe how to obtain the cubic action ( 2.23| ) from the covariant 
equations of motion (|27 



3 The linearized equations of motion 

In this section we discuss the linearized equations of motion for physical fields. We also keep track of 
the corrections Q to the linearized equations though for the sake of clarity we do not give their explicit 



expressions. They can be found in [25|. The structure of the quadratic corrections will be discussed 
in section 4. 



3.1 Scalar fields 



Scalar fields arise from two sources: from the equations of motion for the scalars 0^ and the 2-forms 
i?'", where r = 1, . . . ,n, and from the sphere components of the Einstein equation and the equation 
for the 2-form B. We start with the first category and obtain 

(V^ + VlW + 4(V2 + Vl)U^ = 4V^(V^C/'- - X;) + Ql, (3.1) 

^Generically the multiplets in the vector representation of SO(n) involve fields with spin f . However at the lowest 
level these are absent jl9j. 

*For the cubic couplings with vector fields see section 2.2. 
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from the equation of motion for (jf , 



Va{x; - v,un + ea'^v.b;, - = (3.2) 

and 

(V^ + Vl)U^ + 2cP^ = V^iV.U^ - X;) + Ql (3.3) 

from the (fiva) and (abc) components of the antiself-duahty equation for . Q[ denote higher order 
corrections to the hnearized equations. 

First we expand all the fields in spherical harmonics on S^. Equation ( p. 21 ) contains both the 
transversal terms proportional to YJ^^ and the longitudinal ones proportional to VqI^^^. Projecting 
(|3.2| ) on the longitudinal part by multiplying it with V" one gets a linear constraint. One then uses 
this constraint to diagonalize the system (|3.l| ) and (^.31) . The resulting equations are 

(3.4) 



A{k + l) {vl-{k + 2){k + A))f'^ = Ql'\ 



where 



Q:'' = Q\'^ + Iv-V'Qli', + 2kQl'\ Ql'^ = Q\'^ - ^V^'V'^Q^^i - 2{k + 2)Ql'^ (3.5) 



and 



1 

^1 ~ A{k + l) 



^r^+2{k + 2)Ul), (3-6) 



for the chiral primary s'' and 



for the scalar f {c.f. (2.17)). 

For the second category we obtain 

-I K + ^l-8)ht- AVlU - lvl{h^^ + hi) = Qi (3.8) 

and 

-\ (V^ + V2 - 2) h^ab) - l^ia^b){K + Ik) + V(,V^^^ = Q2iab) (3.9) 

from the (ab) components of the Einstein equation together with 

Va {X^ + V^U) - ea^'Vbbf^c - e^^'PVybpa - ha^, = QsaM (3.10) 
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and 

(V^ + Vl)U- hi + l{h^, + hi) - (X, + V,U) = Q4 (3.11) 
from the (fiva) and (abc) components of the self-duality equation for B. 



Again, expanding the fields in spherical harmonics, solving the longitudinal constraints ( ^.91) (i.e. 
multiplying (^|^) by V"V^) and ( 3.101 ) and diagonalizing the resulting system of equations we obtain 



2{k + l) {yl-k{k-2))a'^ = Qi\ 
2{k + 1) (V2 -(k + 2){k + 4)) r^i = Qi\ 



(3.12) 



where 



= 2? + 2t(FrT) ^°^'25„„ - ivVQji,. + (t + mi- , (3.13) 

'2'' 2(. + 2K;c + 3) ^''^'g^U» - iT^^''^"^ + (3.14) 
and the chiral primary field o"/^ and the scalar r/^ are defined as (c./. (2.18)): 

^/i = i2(fc + 1) ^^^^ + ^^^'^ " ^^-^^^ 

Finally, the equations of motion for the scalars g^^^ originate from the transverse traceless part of 
eq.(iD 

-i(V^-A)/^± = Q^^±. (3.17) 
We summarize the results for the relevant scalar modes (c./. Table 1) in Fig. 1: 




The lowest mode for aj-^ is actually k = 2, since the k = 1 mode can be gauged away by residual 
shift transformations [^]. This can also be seen from the action ( p.23| ), where this mode is simply 
absent. 



3.2 Vector fields 

The equations of motion for the vector fields on AdS^ are obtained from the (anti) self-duality equation 
for the three-form field strength with indices (fiva) and from the (/ia) component of the Einstein 
equation. 

We start with the vector fields transforming in the fundamental representation of SO{n). The 
transverse part of (|3.2D is 

Pl,iiZ'%h = -Qth (3-18) 
and it automatically implies that the vector fields Z^^ are transverse at the linearized order. Clearly, 



the linearized equation for follows from the action ( 2.23| ). 



Consider the vector fields being mixtures of the spin one components of the graviton and the 
2-form potential B. Their equations of motion have their origin in the transverse parts of the (/ia) 
component of the Einstein equation and the (fiva) component of the self-duality equation and we find 

-\^Mh)%, + + l)h%^ - P^^,{Z^U, = 2^,3, (3.19) 

and 

Pii(^^)M/3 + h% = -Q%,^, (3.20) 

where 

Max(y)^ = VlV^ - V^V/,K, (3.21) 

which satisfies (*V)^ = Max. 

Equation ( |3lg| ) can be factorized as follows 

Therefore, one set of solutions is found by diagonalizing the system of first order equations 

P^_^,{h^),i,+^Z%^=0, (3.23) 
Pi:,,{Z^),i,+h%^=0. (3.24) 

A simple calculation shows that 
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satisfy the following equations 

PtM^),^h = 0, Pt+3iC^),^h = (3.26) 

at the linearized order. 

On the other hand, solving the linear equation ( [3. 201) and substituting into ( |3.19| ), introducing the 
canonical fields and and using [Pm, P-m'] = 0, one obtains 

P^+,PtM^),h = 42^,3 T 2P^_,,{Q^h,i,, (3.27) 
P^+iPt+3iC^),h = -4Qt/3 ^ 2P,^+i (2^)3^/3- (3.28) 

It is straightforward to write down an action that leads to the second order equations for the fields 
and but this is not what we need, since these fields are related by the linear constraint ( 3.20| ), 
that in terms of the canonical fields reads as 

PtM^h + Pk+3(C^)^^h = (3.29) 
By using equation ( 3.20 ), ( 3.19| ) can be reduced to the form 

Ma^(/i)± 3 -{k- l)ik + 3)h%^ - 8{h%^ ±{k + 1)Z^,J = 4(Q3± ,3 - Q± (3.30) 
The equations (3.20) and ( 3.3C| ) can be derived from the Lagrangian 

= -\F,,ih^)F>^^{h^) - - l)(fc + 3)hp^^ - 4(/i± ±ik + l)Z^f T A{k + l)e^^PZ^d,Zf. 

(3.31) 

After substituting the canonical fields this Lagrangian turns into the one given in section 2, equation 

(HI). 

The results for the relevant vector modes (c./. Table 1) are summarized in Fig. 2: 




Fig. 2: Mass spectrum of vectors. 
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The Yang-Mills states A^^^^-^ transform in the adjoint representation of SU{2)l x SU{2)ji; they 
are pure gauge and are components of the massless graviton multiplet, which also contains the non- 
propagating graviton and 4 gravitini. 

3.3 Symmetric tensor fields of second rank 

In principle, to find the equation of motion for the massive gravitons f\ on AdS^ one has to consider 
the Einstein equation (2.3) not only with indices (/ii^), but also with the indices {/la) and (ab). The 



reason for this is that the equations for V^cp^u and = (p^ are constraints and do not follow from 
(|2.3| ) if one considers only the (/ii/) components. Moreover, the Einstein equation involves both 
the gravitons and the scalar fields already at the linearized level and, therefore, the procedure of 
constructing the quadratic Lagrangian becomes highly non-trivial. However, analogously to the case 
of type IIB supergravity on AdS^ x |23], |15], we can replace the Einstein equation (|2.3| ) by a 



new equivalent equation from which the true equation for massive gravitons follows from the (/uz/) 
components. "Equivalent" means that the original and the new equations coincide on-shell, i.e., 
when one takes into account the (anti)self-duality equation for the field strength H. To find the new 
equation we will use the shift of the graviton given in equations ( |2.19| ), ( p. 20 ) and ( 2.21| ). 

At linear order we havef^ 



+ - ; , / (V; - mi)ai + ^ ^(V^ - mi)Ti , (3.32) 



where 



R^^^ji^) = --((V2 - A + 6)ip^^j - V^VP^p^i - V^Vifp^i + Vp,V^ipi) + g^u^i. (3.33) 



2 

Introducing the notation HmHn = HmpqHn^^ we obtain 



(k + 2f(k + 3) \ fk-l, ^ a, /c + 3, 9 > 

+- -^A + 45,. ( ^(V^ - ^l)''! + ^(^P - '^r)ri ] . (3.34) 



The first correction to the total curvature is found to be 

= v^^V^^,, _ (v2 - A - 2)^ J 



kjk - 1) ,^2 2^ (^+2)(fc + 3) 2 2^ , o.^ 



'We loosely refer to symmetric tensor fields coming from the AdSg components of the metric as to massive gravitons. 
^"To simplify the notation throughout this section we use I = Ii. 
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Now we consider the combination — \g^yR — H^Hu)^^\ substitute the previous results and get 



Here 



Next we use 



and find that 



+ V^V^(^-5/.^(V^- A)v^). (3.37) 



H')^^^ = + 12 ( ^(V^ - ml)aj + ^(V^ " ) (3.38) 



/ 1 1 \(^) 

f i?^, - - {H^H, - -g^^uH^) j = (3.39) 



holds off-shell, i.e. without using the linearized equations of motion for cj/ and r/. Therefore the 
proper equation for the massive gravitons is (c./. (^^)) 



RmN - -^gMNR = H{[H]^ - -gMNHif^M^M^H^ M^h-hhh 
inpirpir , pir pir L 

At the linearized level the equation for massive gravitons is £f_ii/i{y^) = £fj.iyi^px) = 0. For A; = this 
reduces to the known equation for (massless) gravitons. Note that the first line of (|3.4C| ) cannot be 
obtained from 

1 



5~y ^[R--H^) (3.41) 

since this would give a coefficient 1/6 in front of H^. However, recalling that the field strengths are 
(anti) self-dual we see that on-shell the term is zero and, therefore, its coefficient in the Einstein 
equation remains arbitrary and may be fixed to any desired value. Of course this just refiects the fact 
that there is no simple covariant action when (anti)self-dual field strengths are involved. 

Taking the trace of £^y{ip) one obtains 

= -^V^(V,v^'^- - V^v') - (A + 1)<^. (3.42) 
On the other hand, the divergence of £f^u{ip) is 

iv>) = j {^''v^.u -V^if). (3.43) 
Thus for k ^ on-shell massive gravitons are transverse and traceless at the linear order. 



20 



The result for the tensor modes (c./. Table 1) is summarized in Fig. 3: 




Fig. 3: Mass spectrum of symmetric tensors. 



4 Cubic couplings 



The cubic couplings involving at least two chiral primaries were listed in section 2.1. In this section we 
sketch their derivation]^. As usual, the quadratic corrections involve higher derivative terms and are 
in general non-Lagrangian. To make the couplings Lagrangian and to remove the higher derivative 
terms one performs nonlinear field redefinitions [13|. To determine the cubic couplings it is sufficient 
to derive them from the equation of motion of one of the fields involved. However, the problem of 
finding 4-point functions requires to consider all equations of motion. The reason is that the field 
redefinitions mentioned above will induce contributions to quartic couplings [15|. 



4.1 Cubic couplings with scalar fields 

The cubic couplings of scalar fields corresponding to CPOs were already obtained in |8|. As an 
example we just consider the self-interaction of a. Keeping only the quadratic contributions one finds 
the following structure]^: 

(V^ - ml)ai = Ax2z02az + Bi23V^a2W3 + CiaaV^V^asV^Wa- (4.1) 

To remove higher derivative terms one should make the field redefinition 

0-1 ^ 0-1 + '/1230-20-3 + -i^l23V^.fT2V^CT3, (4.2) 

^^To simplify the notation we drop the index / that specifies a basis of an irreducible representation and denote a^^ 
as (Ti and similarly for the other fields. 

^^We do not present the explicit values of the coefficients here and below because they are not very instructive. They 
are explicitly given in ^jf . 
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where 

2Li23 = Ci23, 2Ji23 + Lusiml + ml -ml -4)= S123. (4.3) 
Then ( [4.1| ) takes the form 

{Vl - ml)a, = - Ay-V2a3 + • • • , (4.4) 
where • • • denote cubic terms induced by the field redefinitions, = I6k{k — 1) and Vi2s" as in (|2.42| ). 

4.2 Cubic couplings with vector fields 



motion for Z^^. One finds (c./. (3.18)) 



We begin with the couphng s^aZJ^^ and consider only the quadratic corrections to the equations of 



Pm, (^'■^)3M = Au3V^iaisl) + Bi23^iV^sl + Ci23V,,V,aiVrsl (4.5) 

To simplify the notation, here and below we suppress the label it on the coefficients describing the 
quadratic corrections. After performing the field redefinition 

^st - ^3? ± V^AS + Li23nt+i (^1 Vs^2)^, (4.6) 

where 

2Ll23 = -C123, {h + 1)A3 = ("^2^123 - ^123)^^1^^ + ^123 V^di V^S^, (4.7) 

equation ( [4.5D becomes 

P;^AZ'^)3, = ,,,\ ,, Vr^s^^a,V,sl. (4.8) 



For the vector fields and we restrict ourselves to the interaction with a: the case of is 
analogous. 

Consider the quadratic corrections to the equations of motion for . Keeping only terms quadratic 
in a we find the following structure: 

Pg+lPk,-M^)3,^ = VmA3 + (yi)l23V;,aia2 + (l/2)i23V,V^C7iV'^(72 + (1/3)i23V,VaV;,CTiV''VV2 

± e^'^V, ((W^0)i23VAaia2 + (i^2)i23VpVAC7i ^^2) , (4.9) 

where 

A3 = (A0)i23<TlCT2 + (A2)i23V^aiV^<J2. (4.10) 
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After the shift 

^ ^% + Vm^3 + Ji23V^aic72 + i.i23V^V^(7iW2 ± GmeM^'^V^' (Va^i^2) (4.11) 

with 

2Li23 = (l^3)i23, 2Gi23 = (^3)i23 + (H^2)i23, 

2 Ji23 = (^2)i23 + 4Gi23 - ii23 {m\ + ml - Q - {k + l){k - 1)) , (4.12) 

-(/eg + 1)(/C3 - 1)A3 = A3 + ^(m? - m^)((Ji23 - i.123 " 2^123)^^1^72 + L123 V^(Ti V^C72) 



we can represent p.9|) as 



\Pl+iPt-M^)^^^ = ■t^m^ *V^aia2 ± Tyf23^*P±_i(VaicT2)^. (4.13) 
Analogously one finds for 

^n1+int+3(^^)3M = ^12f ^V^aia2 ± Tyf2f'^P±^3(VaiCT2)^. (4.14) 



The coefficients and W/J^^^ are 



= - - ^3) + {k2 - l){k2 - h))tUj,, (4.15) 

^^^^^^S = (fc,+?)(fc2 + l) ^^^^ + + + + + " + ^^-^^^ 
From the equation of motion for a one gets 

(V^ - ml)ai =At23V^^a2Ai^ + i^flt V^VV2V^^± + ^f2t W2C3I. + Bgt'^^^V'a2V .Cg 

where ^123; A^^, and -Dj^3 are known coefficients [25]. 

Performing the field redefinition 

(71 ^ (71 + ^i?f2tV'^(72A3± + ^i?f2tV'^a2C3± (4.18) 

we represent the result in the following form: 

2 



3fi 

±W2((VFr23^* + af23)nt-l(^^)3M + (^m""* + «f23)nt+3(C^J3M 
± ((dJ^)l23 + -^«±3) V^(72(P±-l(^^)3M + Pi;+siC^)3,) ■ (4.19) 
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Here 



± 



^123+^f23 = — -Wl23, i?[^23+^f23 = -— + Wl23 (4.20) 



and a^23 ^^^^ to be determined SO{A) tensors that are antisymmetric in 1 and 2. The last hne in 
( 4.19| ) is proportional to the linear constraint ( ^.36| ) and, therefore, only contributes to the next order. 



The tensors 0^23 fixed as follows. Equation ( [4.19D can be derived from 

C±) = VV,,yl± 3 + Fi^?f/3 V^a,,C7j3 (4.21) 

Varying this Lagrangian with respect to and we can write down the quadratic corrections 
to the equations of motion for the vector fields and compare them with our results (4.13) and ( 4.14| ). 
Then we find that 

= + W^wt) • (4-22) 

Substituting the shifts of and we finally represent ( [4.19 ) as 



■ni^l - ml)a^ = - Fil^^ {2V^<r2A% + cr^V^yli ) T Wf^s (2V'^^2P,t-i(^^)3M ± (^3 - 1)^2 V^^±) 
- Vuf^ (2V^a2C73± + ^2V^C3± ) ± W^i{2V^a2Pi;+siC^)3, ± (ks + 3)^2 V^Cg^) 
+ cit6ic, (4.23) 



where 



= ^ (^1^3^^ - W^r2f ^ ) • (4.24) 



Note that the terms on the r.h.s. quadratic in fields follow from action (2.23), while "cubic" denotes 
the cubic terms relevant only for determining the quartic couplings. 



4.3 Cubic couplings with massive gravitons 

Here the most complicated part is to derive the interaction of a with massive gravitons from the 
equation of motion for <Pfj,u, because a is constructed by using the metric itself. Since the analysis of 
the interaction of ip^i, with s'' (although much simpler) proceeds along the same lines we will omit it. 
After careful computation one finds the following structure: 

£i^^{ip) = (^2)i23V^a2V^a3 + (^4)i23VpV^cj2V''V^a3 + (A6)i23VpVAV^a2V''V^V^a3 
+ (52)i23(V^(a2V^a3) + V^(a2V^CT3)) + (S4)i23 (V^(Vp(J2V^V^cj3) 
+ V,(Vp(J2V''V^c73)) + Qf^uCi, (4.25) 
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where 

Cl = (C0)i23fT2CT3 + (C2)i23V^a2V'^a3 + (C4) 123 V^V.^s W3 - ^(A6)i23V^V,Vpa2V'^V'^V''a3. 

(4.26) 

Performing the shift of the graviton 

^Itiu = ^'lfj,u + '^^J.Clu + VuS.l^J. + Ofium + i^l23V^CT2VvO-3 + il23VpV/,<T2V''Vi.CT3, (4.27) 

where 



^123 = -(^6)123, i^i23 = -(^4)123 + ^(^6)i23(mi + mi - Ai - 10), 

^6/. = ^V^r/i + Mi23CT2V^a3 + N123V ^^2^"^ ,,(^3 



(4.28) 



and M123, A''i23 are given by 

M123 = (S2)i23 - ^ml{A6)i23 - \mlKi23. A^i23 = (S4)i23 + ]^{ml - l)(^6)i23 (4.29) 
equation ( [4.25| ) takes the form 

£l^lu{'f') = V"23^V ^a2V + g^yCi. (4.30) 

Here 

Cl = (^0)123^2^3 + ((52)123 V^a2V^a3 + (Ai + l)r?i. (4.31) 

Thus only i] has not been fixed yet. In fact, a change of r] (with a simultaneous change of ^ 
according to (4.28)) amounts only to a change of the interaction of the trace of the massive gravitons 



with the chiral primaries. In particular, it is possible to choose r/ in such a way that only the traceless 



part of if^u interacts with a. But as was pointed out in |15], for the case of AdS^ this choice leads 
to the appearance of quartic couplings with six derivatives, which are absent only if rj is chosen such 
that if' I = (r0)i23O"2(T3. We expect that this will also be the case for AdSz and therefore follow this 
approach. 



Taking the trace and divergence of (4.30) and representing 



m = Ai23tT2CT3 + 5l23V^a2V^a3, (4.32) 

where 

(Ai + 1)^123 = -(C0)i23 -\{ml + ml- /\i)V^^^^ , (Ai + l)Bi23 = -(^2)123 - ^^^'^23^ (4-33) 
we find that 

V'l = 4A,(Ai + l) ^^'"^ " ""3^' + ^^^^""^ " ""'^ " 3^1)^2(73. (4.34) 
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Then the final result for the interaction of ipf^i, with a has the nice form 

Slt^uif') = K^3^(V^cr2V,,(T3 - ^gf,u{^p(^2^^(^3 + + ^-3 " ^l)'^20-3)), (4.35) 

which is the natural generalization of the interaction of the massless graviton with scalar fields. 
On the other hand from the equation of motion for a one obtains 

(V^ - ml)a^ = Ay-^v^VV2V53^. + i^r23V^^2VV3^. + T^23^2V^3. (4.36) 



Substituting the shift ( 4.27 ) of the graviton we represent the equation as 

k1 (V2 - ml)ai = VZ" (2V^(VV2'^'3^.) " V'^(V^a2(^'3) + ^(m? + - A3)a2^'3) + cuMc. 

(4.37) 



Again the terms on the r.h.s. quadratic in fields follow from action ( |2.23| ), while "cubic" again denotes 
the cubic terms relevant only for determining the quartic couplings. 
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Appendix A 

Here we give the results for the expansion of the Einstein equation (2.3), the equations of motion 



for the scalar fields (|2.4|) and the (anti) self-duality equation (|2.5|) up to the second order both in 



spacetime and coset metric perturbations. The various quantities defined in ( |2.1[) and (|2.6D are given 
by: 

= ^(rVM^^''- - VMr(t>^n, (A.l) 

Qm = \{V'yM<l>^' - VM^'-cf^n, (A.2) 

PS = ^Vm^, (A.3) 

W = 5'^e + g' + cj)''-g'' + ^ecj)''-(P'-^, (A.4) 

= g"- +£(1)^'- +g'(l)''. (A.5) 
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Decomposing the Einstein equation (2.3) up to the second order in Hmn one finds 

+ h^^'^^h^-'^-HU^^^Hi,^^^^ + VMr^N^P'^. (A.6) 



Here 



R^^^KiN = ^KhfiN - ^VmV^/i, (A.7) 



where 



huN = \ (Vm4 + ^Nhl, - V'^Kmn) , h = hl. (A.9) 

Decomposing the equations of motion for the scalar fields ( |2.4D up to the second order we 
obtain 

(A.IO) 

Finally, the (anti) self-duality equation (^), expanded to second order in Hmn is: 

Ht*H ±T^^^ ±T^^^ = 0, (A.ll) 
where we have introduced the following notation: 

'^MiM2M3 = 2^{*H)miM2M3 -^hfMii*H)M2M3]K, (A.12) 

(A.13) 

Recall that the operation * is with respect to the background metric. Equations ( A.12| ) and ( |A.13| ) 



have to be combined with (A. 4) and (A. 5). 



Appendix B 

Following we establish the formulae for integrals of spherical harmonics on used in the paper. 



In deriving the equations of motion for the various scalar fields we encountered a number of 
integrals of scalar spherical harmonics, all of which can be reduced to (c-/- ( 2.62| )). In terms of 
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Ai = hiki + 2) we find: 



[ v(''v'')y^iVaVf,y^2 ^ ^Ai(Ai - 3)6^^^^ 



(B.l) 



and 



/ V^Y'^VaY^W'^ = i(Ai + A2 - A3)ai,i,i„ 
J33 2 

V^'^V'^^Y'^V.V.Y'w'^ = Q(Ai + A2 - A3)(Ai + A2 - A3 - 4) - ^AiA2) ai,i,i„ (B.2) 
Vr„y^iVMy^^V"V''y^« = (^{Ai + A3 - A2)(A2 + A3 - Ai) + ^A3(Ai + A2 - A^)] ai,i,i,. 



In the computation of interaction vertices involving vector fields one needs the following integrals: 



I V^-V'^Y'^Y'^VaY,''^ = liAi -A2 + A3- 3)tf 
V^-V'^Y'^VaY'W,'^^^ = i Qai + A2 - A3) t 
Finally, for tensor spherical harmonics Y^^^ we used 

V-V'Y'^V^Y'^V^Yl^^ = 1 (Ai - A2 - A3 - 4)p± ,^,3. 



± 

hhh- 



± 



(B.3) 



(B.4) 
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